A Level Further Mathematics Bridging Work

In order to achieve in A Level Further Mathematics it is vital that you have a secure knowledge of GCSE
Mathematics content. In particular, you must be fluent in the following topics:

e Sketching quadratic graphs

e Solving simultaneous equations graphically
e Sketching cubic and reciprocal graphs
e Translating & Stretching graphs

e Straight line graphs

e Parallel and perpendicular lines

e Pythagoras’ theorem

e Proportion

e Circle theorems

e Trigonometry in right-angled triangles
e The cosine rule & The sine rule

e Areas of triangles

e Rearranging equations

e Volume and surface area of 3D shapes
e Area under a graph

We expect that most students will already be confident in the vast majority of these topics. However, we are
aware that students may have not finished the entire GCSE syllabus in Year 11 and may have significant gaps
in understanding. It is essential that all FM students spend a significant amount of time practising these topics
at regular intervals between the end of Year 11 and the start of Year 12.

Mathematical fluency does not simply mean that you have met this topic before and think that you remember
how to do it. To reach fluency, you must be able to quickly and accurately recall concepts and methods.

Read the following instructions and complete all the work that you are instructed to complete below:

e This Bridging Work booklet is split into three sections A, B and C.

e Section A —this is a compilation of ‘examples’ and explanations so firstly read through these examples
and familiarise yourself with each topic and make any notes you feel appropriate.

e Section B — this section has all the work you need to complete. Once you feel confident then complete
all the ‘Practice’ and ‘Extend’ questions. You must show your full method, a list of answers with no
method will not be accepted.

e Section C—this section has the answers. Once you have completed Section B, mark your work from
these answers to check you have understood each question.

e If you find that you have made mistakes, identify and correct these. Re-read the ‘Examples’ document
to ensure that you have not misunderstood a concept.

Please bring all of your completed and marked bridging work to your first maths lesson where it will be
checked by your maths teacher. We expect you to complete the questions on lined or squared paper, showing
a full method and working out.

There will be an assessment covering these topics in the first week of Year 12. It is expected that all A Level
Further Mathematics students will demonstrate an excellent understanding of all topics in this assessment.



Section A
Examples



Sketching quadratic graphs

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

The graph of the quadratic function

y =ax?+ bx + ¢, where a # 0, is a curve
called a parabola.
Parabolas have a line of symmetry and fora>0 fora<0

a shape as shown.

To sketch the graph of a function, find the points where the graph intersects the axes.

To find where the curve intersects the y-axis substitute x = 0 into the function.

To find where the curve intersects the x-axis substitute y = 0 into the function.

At the turning points of a graph the gradient of the curve is 0 and any tangents to the curve at
these points are horizontal.

To find the coordinates of the maximum or minimum point (turning points) of a quadratic
curve (parabola) you can use the completed square form of the function.

Examples

Example 1  Sketch the graph of y = x.
Y The graph of y = x? is a parabola.
Whenx =0,y =0.
a = 1 which is greater
> than zero, so the graph U
0 has the shape:
Example 2 Sketch the graph of y = x? —x — 6.
Whenx=0,y=02-0-6=-6 1 Find where the graph intersects the
So the graph intersects the y-axis at y-axis by substituting x = 0.
(0! _6)
Wheny=0,x2—x—-6=0 2 Find where the graph intersects the
x-axis by substituting y = 0.
x+2)(x—3)=0 3 Solve the equation by factorising.
Xx=-20rx=3 4 Solve (x+2)=0and (x—3) =0.
So, 5 a=1which is greater
the graph intersects the x-axis at (-2, 0) than zero, so the graph \/
and (3, 0) has the shape:
(continued on next page)




2
When (x—lj =0, x=1 and
2 2

y= _§ , SO the turning point is at the

oint [1 —é)
P 2" 4

Ui
-6
(3. —63)

6 To find the turning point, complete
the square.

7 The turning point is the minimum

value for this expression and occurs
when the term in the bracket is
equal to zero.




Solving simultaneous equations
graphically

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e You can solve any pair of simultaneous equations by drawing the graph of both equations and
finding the point/points of intersection.

Examples

Example 1  Solve the simultaneous equations y = 5x + 2 and x +y = 5 graphically.

y=5-x 1 Rearrange the equation x +y =5
to make y the subject.

y =5 —x has gradient —1 and y-intercept 5. | 2 Plot both graphs on the same grid
y = 5x + 2 has gradient 5 and y-intercept 2. using the gradients and
y y-intercepts.

Lines intersect at 3 The solutions of the simultaneous
x=0.5y=45 equations are the point of
intersection.
Check: _
First equation y = 5x + 2: 4 Check your solutions by
45=5x05+2 YES substituting the values into both
Second equation x +y = 5: equations.

05+45=5 YES




Example 2

Solve the simultaneous equations y = x — 4 and y = x? — 4x + 2 graphically.

y=xdx+2

1 »x
The line and curve intersect at
x=3,y=-landx=2,y=-2
Check:
First equationy = x — 4.
-1=3-4 YES
-2=2-4 YES
Second equation y = X2 — 4x + 2:
—-1=32-4x3+2 YES
—2=22-4x%x2+2 YES

1

Construct a table of values and
calculate the points for the quadratic
equation.

Plot the graph.

Plot the linear graph on the same
grid using the gradient and
y-intercept.

y =X — 4 has gradient 1 and
y-intercept —4.

The solutions of the simultaneous
equations are the points of
intersection.

Check your solutions by substituting
the values into both equations.




Sketching cubic and reciprocal graphs

A LEVEL LINKS
Scheme of work: 1e. Graphs — cubic, quartic and reciprocal

Key points

e The graph of a cubic function, fora<0
which can be written in the
formy=ax®+bx>+cx +d,
where a # 0, has one of the

shapes shown here. ) j y=x y=-x \
/ 0 X 0 \ X

special case:a = 1 special case:a = —1

e The graph of a reciprocal Y fora>0 i fora <0
function of the form y =% has

0 x 0 X
one of the shapes shown here. j F

e To sketch the graph of a function, find the points where the graph intersects the axes.

e To find where the curve intersects the y-axis substitute x = 0 into the function.

e To find where the curve intersects the x-axis substitute y = 0 into the function.

e Where appropriate, mark and label the asymptotes on the graph.

o Asymptotes are lines (usually horizontal or vertical) which the curve gets closer to but never
touches or crosses. Asymptotes usually occur with reciprocal functions. For example, the

fora=0

asymptotes for the graph of y = a are the two axes (the lines y = 0 and x = 0).
X

e At the turning points of a graph the gradient of the curve is 0 and any tangents to the curve at
these points are horizontal.

e A double root is when two of the solutions are equal. For example (x — 3)?(x + 2) has a
double root at x = 3.

o When there is a double root, this is one of the turning points of a cubic function.




Examples
Example 1 Sketch the graph of y = (x = 3)(x — 1)(x + 2)

To sketch a cubic curve find intersects with both axes and use the key points above
for the correct shape.

Whenx=0,y=(0—-3)(0—-1)(0+2) 1 Find where the graph intersects the
=(3)x(-1)x2=6 axes by substituting x =0and y = 0.
The graph intersects the y-axis at (0, 6) Make sure you get the coordinates
the right way around, (X, ).
Wheny=0,(x—3)(x—1)(x+2)=0 2 Solve the equation by solving
Sox=3,x=1lorx=-2 Xx—3=0,x—1=0andx+2=0
The graph intersects the x-axis at
(=2,0), (1,0)and (3, 0)
y
A 3 Sketch the graph.
a =1 >0 so the graph has the shape:

f2 o ‘]\_,/3 x fora =0

Example 2 Sketch the graph of y = (x + 2)%(x — 1)

To sketch a cubic curve find intersects with both axes and use the key points above
for the correct shape.

Whenx=0,y=(0+2)*0—-1) 1 Find where the graph intersects the

=22x(-1)=—4 axes by substituting x =0and y = 0.
The graph intersects the y-axis at (0, —4)
Wheny =0, (x +2)’(x—1)=0 2 Solve the equation by solving
Sox=-2orx=1 x+2=0andx—1=0
(=2, 0) isaturning pointas x =—2 is a
double root.
The graph crosses the x-axis at (1, 0)

U
3 a=1>0so the graph has the shape:
_I [ 1 -.-1’

fora=0




Translating graphs

A LEVEL LINKS

Scheme of work: 1f. Transformations — transforming graphs — f(x) notation

Key points

e The transformationy =f(x) t ais a
translation of y = f(x) parallel to the y-axis;
it is a vertical translation.

As shown on the graph,
o y=1f(x)+ atranslates y = f(x) up
o y=f(x)—atranslates y = f(x) down.

e The transformationy =f(x + a) isa
translation of y = f(x) parallel to the x-axis;
it is a horizontal translation.

As shown on the graph,
o Yy=f(x+a) translates y = f(x) to the left

o y=Tf(x—a)translates y = f(x) to the right.

Examples

Example 1 The graph shows the function y = f(x).

Sketch the graph of y = f(x) + 2.

I y="1x)+a
/y=ﬂt}l
\ //v-ﬂﬂ-ﬂ

NZ

y=flx+a) v vt
X
~a 0 a x
Ya
y =fx)
0 E:

y="flx)+2

y = flx)

0 x

For the function y = f(x) + 2 translate
the function y = f(x) 2 units up.




Example 2 The graph shows the function y = f(x).

Sketch the graph of y = f(x — 3).

Us
y = fx)
_T20 x

La

y = f(x)

y = flx — 3)

50

For the function y = f(x — 3) translate
the function y = f(x) 3 units right.




Stretching graphs

A LEVEL LINKS
Scheme of work: 1f. Transformations — transforming graphs — f(x) notation
Textbook: Pure Year 1, 4.6 Stretching graphs

Key points

The transformation y = f(ax) is a horizontal
stretch of y = f(x) with scale factor §

parallel to the x-axis.

The transformation y = f(-ax) is a
horizontal stretch of y = f(x) with scale

factor i parallel to the x-axis and then a

reflection in the y-axis.

The transformation y = af(x) is a vertical
stretch of y = f(x) with scale factor a
parallel to the y-axis.

The transformation y = —af(x) is a vertical
stretch of y = f(x) with scale factor a
parallel to the y-axis and then a reflection
in the x-axis.

=160 y =13

—1B0%|/~ )
Uk
y= f{fll\ Y= j(--3ﬂ
WALVINALY
—1R0°] TSN / | \g0x(|/sdo"F
3:-“ -y =|2f(x)
/gy 7 10

80°

Fad

_'_;F’-{J E

[ F—

—2f(x)




Examples
Example 3

Example 4

The graph shows the function y = f(x).

Sketch and label the graphs of
y = 2f(x) and y = —(X).

i

|
T

—90° ag® | 180°

ot y = 2f() The function y = 2f(x) is a vertical
2 TN stretch of y = f(x) with scale factor
o~ S -H\ 2 parallel to the y-axis.
- X - > The functiony = —f(x) isa
1 = {E',f? / 90°_LA80° T | reflection of y = f(X) in the
Y= f(x}lx\._ /_2 y =|—T(x) X-axlIs.
The graph shows the function y = f(x). r
Sketch and label the graphs of . y = flx)
y = f(2x) and y = f(-x). ' e
1P 900 A 9¢° | 180°7

ok
27y =20
4 Y u = flx)
L i N
g
—1802] 98¢ 9 0°

[ F R,

The function y = f(2x) is a horizontal
stretch of y = f(x) with scale factor %
parallel to the x-axis.

The function y = f(—x) is a reflection
of y = f(x) in the y-axis.




Straight line graphs

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points
e Astraight line has the equation y = mx + ¢, where m is Y (0 )
the gradient and c is the y-intercept (where x = 0).
e The equation of a straight line can be written in the form y gradient m = %
ax + by + ¢ =0, where a, b and ¢ are integers. y=mx+c
e When given the coordinates (X1, y1) and (X2, y2) of two 0 x
points on a line the gradient is calculated using the
y, =Y L INTH)
formula m=-—2--"
X, =%
Examples
Example 1 A straight line has gradient —% and y-intercept 3.
Write the equation of the line in the form ax + by + ¢ = 0.
m=_-Landc=3 1 A straight line has equation
2 y = mx + c. Substitute the gradient
Soy= Ly+s and y-intercept given in the question
2 into this equation.
%x +y-3=0 2 Rearrange the equation so all the

Example 2

the other side.

terms are on one side and 0 is on

x+2y-6=0 3 Multiply both sides by 2 to
eliminate the denominator.

. 2
Gradient=m = §

4
y-intercept =c = 3

3 Inthe formy = mx + c, the gradient
is m and the y-intercept is c.

Find the gradient and the y-intercept of the line with the equation 3y —2x+ 4 =0.
y—2x+4=0 1 Makey the subject of the equation.
y=2x—4

2 4 2 Divide all the terms by three to get
y=3%73 the equation in the formy = ...




Example 3

Find the equation of the line which passes through the point (5, 13) and has gradient 3.

m=3
y=3x+c

13=3x5+¢
13=15+c¢

c=-2
y=3x—2

1 Substitute the gradient given in the
question into the equation of a
straight line y = mx + c.

2 Substitute the coordinates x =5 and

y = 13 into the equation.

3 Simplify and solve the equation.

4 Substitute ¢ = -2 into the equation

y=3x+cC

Example 4 Find the equation of the line passing through the points with coordinates (2, 4) and (8, 7).

X =2,%=8,y=4andy,=7
Yoy _7-4_3_1
X,—% 8-2 6 2
y—lx+c
2
4=1><2+C
2
c=3
1
=—X+3
y 2

1 Substitute the coordinates into the

equation m=22"Y1 o work out

Xo =%
the gradient of the line.

2 Substitute the gradient into the

equation of a straight line
y = mXx + .

3 Substitute the coordinates of either

point into the equation.

4 Simplify and solve the equation.

Substitute ¢ = 3 into the equation

y—£x+c
2




Parallel and perpendicular lines

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

o When lines are parallel they have the same
gradient.
e Aline perpendicular to the line with equation

y = mx + ¢ has gradient L
m

Examples

Example 1

Example 2

y
\ r«— gradient = —%
> perpendicular
lines
/ i \}
parallel lines
gradient =m

Find the equation of the line parallel to y = 2x + 4 which passes through

the point (4, 9).

y=2x+4
m=2
y=2Xx+c¢
9=2x4+c
9=8+c
c=1
y=2x+1

1 Asthe lines are parallel they have
the same gradient.

2 Substitute m = 2 into the equation of
a straight line y = mx +c.

3 Substitute the coordinates into the
equationy =2x + ¢

4 Simplify and solve the equation.

5 Substitute ¢ = 1 into the equation
y=2x+c¢

Find the equation of the line perpendicular to y = 2x — 3 which passes through

the point (-2, 5).

y=2x—3
m=2
1

m 2
y=—=X+C
5=—=x(-2)+c
5=1+c
c=4

1

=—=Xx+4

y 2

1 Asthe lines are perpendicular, the
gradient of the perpendicular line

1
Is —.
m

2 Substitute m = —% intoy =mx + c.
3 Substitute the coordinates (-2, 5)
into the equation y = —% X+C

4 Simplify and solve the equation.

5 Substitutec=4into y= —%x+c .




Example 3 A line passes through the points (0, 5) and (9, —1).

Find the equation of the line which is perpendicular to the line and passes through

its midpoint.

x=0,x%x,=9,y=5and y,=-1

m:y[_ﬁ:‘i_s
X,—% 9-0
e
9 3
1 3
m 2
y=§x+c
2

Midpoint = [M 5+(_1)j=(g, 2
2 2 2

2=§xg+c
2 2
19
4
3. 19

2 4

C=

J

Substitute the coordinates into the
Y27 % 4o work out
Xy =X

the gradient of the line.

equation m=

As the lines are perpendicular, the
gradient of the perpendicular line
1
is ——.

m

Substitute the gradient into the
equationy = mx + c.

Work out the coordinates of the
midpoint of the line.

Substitute the coordinates of the
midpoint into the equation.

Simplify and solve the equation.

Substitute ¢ = —% into the

. 3
equation y =Ex+c .




Pythagoras’ theorem

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

¢ Inaright-angled triangle the longest side is called the
hypotenuse. e
e Pythagoras’ theorem states that for a right-angled triangle a
the square of the hypotenuse is equal to the sum of the
squares of the other two sides. b
c2=a?+b?

Examples

Example 1 Calculate the length of the hypotenuse.
Give your answer to 3 significant figures. Scm

8 cm
c2=a?+b? 1 Always start by stating the formula
for Pythagoras’ theorem and
X labelling the hypotenuse ¢ and the
Semfg € other two sides a and b.
b
Scm
x? = 5% + 82 2 Substitute the values of a, band ¢
x2=25+64 into the formula for Pythagoras'
x? =89 theorem.
X = /89 3 Use a calculator to find the square
root.
x =9.433981 13... 4 Round your answer to 3_sign_ificant
x = 9.43 cm figures and write the units with your
answer.




Example 2

Calculate the length x.
Give your answer in surd form.

10 cm

c’=a’+h?

102 = x2 + 4?
100 = x? + 16
X2 = 84
x =84
x=2\/ﬁ cm

Always start by stating the formula
for Pythagoras' theorem.

Substitute the values of a, b and ¢
into the formula for Pythagoras'
theorem.

Simplify the surd where possible
and write the units in your answer.




Proportion

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

Two quantities are in direct proportion when, as one
quantity increases, the other increases at the same rate.
Their ratio remains the same.

y = kx
where k is
the gradient

‘y is directly proportional to X’ is written as y oc X.
Ify oc xtheny = kx, where k is a constant.

When x is directly proportional to y, the graph is a
straight line passing through the origin.

Two quantities are in inverse proportion when, as one quantity
increases, the other decreases at the same rate.

‘y is inversely proportional to X’ is written as y oc % :
Ify oc % theny = ; where Kk is a constant.

When x is inversely proportional to y the graph is the same shape
as the graph of y = 1

Examples

Example 1 y is directly proportional to x.

Wheny =16, x=5.
a Find x wheny = 30.
b Sketch the graph of the formula.

(0] x

a yoX 1 Writey is directly proportional to x,

using the symbol oc .

y = kx 2 Write the equation using k.

16=k x5 3 Substitute y = 16 and x =5 into
y = kx.

k=132 4 Solve the equation to find k.

y = 3.2x 5 Substitute the value of k back into
the equation y = kx.

When y = 30,

30=3.2 x X 6 Substitute y = 30 into y = 3.2x and

X = 9.375 solve to find x when y = 30.




Example 2

Example 3

b 7 The graph of y = 3.2x is a straight
line passing through (0, 0) with a
gradient of 3.2.
y is directly proportional to x2.
When x =3,y =45.
a Findywhenx =5,
b  Find x wheny = 20.
a yox 1 Writey is directly proportional to x2,
using the symbol oc .
y = kx? 2 Write the equation using k.
45 =k x 32 3 Substitute y = 45 and x = 3 into
y = kx2.
k=5 4 Solve the equation to find k.
y = 5x? 5 Substitute the value of k back into
the equation y = kx2.
When x =5,
y=5x52 6 Substitute x = 5 into y = 5x? and
y =125 solve to find y when x = 5.
b 20=5xx? 7 Substitute y = 20 into y = 5x? and
X2 =4 solve to find x wheny = 4.
X=x2
P is inversely proportional to Q.
When P =100, Q = 10.
Find Q when P = 20.
P o 1 1 Write P is inversely proportional
Q to Q, using the symbol oc .
k
P= Q 2 Write the equation using k.
100 = % 3 Substitute P =100 and Q = 10.
k = 1000 4 Solve the equation to find k.
_ 1000 5 Substitute the value of k into P = LS
Q Q
20 = 1000 6 Substitute P=20into P= % and
Q
solve to find Q when P = 20.
0= 1000 _50




Circle theorems

A LEVEL LINKS
Scheme of work: 2b. Circles — equation of a circle, geometric problems on a grid

Key points

e Achord is a straight line joining two points on
the circumference of a circle.
So AB is a chord.

N

e Atangent is a straight line that touches the
circumference of a circle at only one point.
The angle between a tangent and the radius is 90°.

tangent

e Two tangents on a circle that meet at a point
outside the circle are equal in length.
So AC =BC.

e The angle in a semicircle is a right angle.
So angle ABC =90°.

e When two angles are subtended by the same arc,
the angle at the centre of a circle is twice the
angle at the circumference. 3

So angle AOB = 2 x angle ACB.
DY



e Angles subtended by the same arc at the D
circumference are equal. This means that angles c
in the same segment are equal.
So angle ACB = angle ADB and

angle CAD = angle CBD. ‘
B
A

e Acyclic quadrilateral is a quadrilateral with all
four vertices on the circumference of a circle.
Opposite angles in a cyclic quadrilateral total 180°.

D\
\

Sox+y=180°and p +q=180°. A
N

e The angle between a tangent and chord is equal
to the angle in the alternate segment, this is
known as the alternate segment theorem.

So angle BAT = angle ACB.

Examples

Example 1 Work out the size of each angle
marked with a letter.
Give reasons for your answers.

Angle a = 360° — 92° 1 The angles in a full turn total 360°.
= 268°

as the angles in a full turn total 360°.

Angle b =268° + 2 2 Angles aand b are subtended by
=134° the same arc, so angle b is half of

as when two angles are subtended by the angle a.

same arc, the angle at the centre of a
circle is twice the angle at the
circumference.




Example 2

Example 3

Example 4

Work out the size of the angles in the triangle.

Give reasons for your answers.

<N\

Angles are 90°, 2c and c.

90° + 2c + ¢ = 180°
90° + 3c = 180°

3c=90°
c=30°
2c = 60°

The angles are 30°, 60° and 90° as the
angle in a semi-circle is a right angle

and the angles in a triangle total 180°.

1 The angle in a semicircle is a right
angle.

N

Angles in a triangle total 180°.
3 Simplify and solve the equation.

Work out the size of each angle marked with a letter.

Give reasons for your answers.

A\

V/

Angle d = 55° as angles subtended by
the same arc are equal.

Angle e = 28° as angles subtended by
the same arc are equal.

1 Angles subtended by the same arc
are equal so angle 55° and angle d
are equal.

2 Angles subtended by the same arc

are equal so angle 28° and angle e

Work out the size of each angle marked with a letter.

Give reasons for your answers.

4
o>

Angle f =180° — 94°

= 86°
as opposite angles in a cyclic
guadrilateral total 180°.

1 Opposite angles in a cyclic
quadrilateral total 180° so angle 94°
and angle f total 180°.

(continued on next page)




Example 5

Example 6

Angle g = 180° — 86°
= 84°
as angles on a straight line total 180°.

Angle h = angle f = 86° as angles
subtended by the same arc are equal.

2 Angles on a straight line total 180°
so angle f and angle g total 180°.

3 Angles subtended by the same arc
are equal so angle f and angle h are

Work out the size of each angle marked with a letter.

Give reasons for your answers.

equal.

Angle i = 53° because of the alternate
segment theorem.

Angle j = 53° because it is the alternate
angle to 53°.

Angle k = 180° — 53° — 53°
=74°
as angles in a triangle total 180°.

1 The angle between a tangent and
chord is equal to the angle in the
alternate segment.

2 As there are two parallel lines, angle
53° is equal to angle j because they
are alternate angles.

3 The angles in a triangle total 180°,
soi+j+k=180°.

XZ and YZ are two tangents to a circle with centre O.
Prove that triangles XZO and YZO are congruent.

Angle OXZ =90° and angle OYZ = 90°
as the angles in a semicircle are right
angles.

OZ is acommon line and is the
hypotenuse in both triangles.

OX = OY as they are radii of the same
circle.

So triangles XZO and YZO are
congruent, RHS.

For two triangles to be congruent you
need to show one of the following.

e All three corresponding sides are
equal (SSS).

e Two corresponding sides and the
included angle are equal (SAS).

e One side and two corresponding
angles are equal (ASA).

e Aright angle, hypotenuse and a
shorter side are equal (RHS).




Trigonometry in right-angled triangles

A LEVEL LINKS
Scheme of work: 4a. Trigonometric ratios and graphs

Key points

e Inaright-angled triangle:
o the side opposite the right angle is called the hypotenuse
o the side opposite the angle 6 is called the opposite opposite
o the side next to the angle & is called the adjacent.

hypotenuse

adjacent

e Inaright-angled triangle:

o the ratio of the opposite side to the hypotenuse is the sine of angle 6, sin6 = %
yp

o the ratio of the adjacent side to the hypotenuse is the cosine of angle 9, cosé =a—dJ

o theratio of the opposite side to the adjacent side is the tangent of angle 6, tané =%
ad

o If the lengths of two sides of a right-angled triangle are given, you can find a missing angle
using the inverse trigonometric functions: sin™?, cos™, tan2.

e The sine, cosine and tangent of some angles may be written exactly.

0 30° 45° 60° 90°
sin 0 3 2 e 1
cos | 1 B L 3 0
tan | 0 B 1 | B




Examples

Example 1

Example 2

Calculate the length of side x.

Give your answer correct to 3 significant figures.

1

2

00325":E 3
X

X = 6 4
cos 25°

X = 6.620 267 5... 5

X =6.62cm 6

Always start by labelling the sides.

You are given the adjacent and the
hypotenuse so use the cosine ratio.

Substitute the sides and angle into
the cosine ratio.

Rearrange to make x the subject.

Use your calculator to work out

6 + cos 25°.

Round your answer to 3 significant
figures and write the units in your
answer.

Calculate the size of angle x.
Give your answer correct to 3 significant figures.

45cm

1

tand = opp 2
adj

tan x = i 3
45

X = tan! (i] 4

45
X = 33.690 067 5... 5
X =337° 6

Always start by labelling the sides.

You are given the opposite and the
adjacent so use the tangent ratio.

Substitute the sides and angle into
the tangent ratio.

Use tan* to find the angle.

Use your calculator to work out
tan'(3 + 4.5).

Round your answer to 3 significant
figures and write the units in your
answer.




Example 3

Calculate the exact size of angle x.

V3em

1 Always start by labelling the sides.

2 You are given the opposite and the
adjacent so use the tangent ratio.

3 Substitute the sides and angle into
the tangent ratio.

4 Use the table from the key points to
find the angle.




The cosine rule

A LEVEL LINKS
Scheme of work: 4a. Trigonometric ratios and graphs
Textbook: Pure Year 1, 9.1 The cosine rule

Key points
e aisthe side opposite angle A.
b is the side opposite angle B. b

c is the side opposite angle C.

C

a B

e You can use the cosine rule to find the length of a side when two sides and the included

angle are given.

e To calculate an unknown side use the formula a? =b? +c? —2bccos A.

e Alternatively, you can use the cosine rule to find an unknown angle if the lengths of all three

sides are given.

e To calculate an unknown angle use the formula cos A=

Examples
Example 4 Work out the length of side w.

Give your answer correct to 3 significant figures.

b2 +c?—a?

2bc

8 cm

A 1
T o )
C
a
A
450 b
X — 7z
a? =b? +c?—2bccos A 2
W2 =82 +7%2 —2x8x7xcos45° 3
w? =33.80404051... 4
w = /33.80404051 5
w=5.81cm

Always start by labelling the angles
and sides.

Write the cosine rule to find the
side.

Substitute the values a, b and A into
the formula.

Use a calculator to find w? and

then w.

Round your final answer to 3
significant figures and write the
units in your answer.




Example 5

Work out the size of angle 6.
Give your answer correct to 1 decimal place.

15cm
7 cm

Q 10 cm

T 2x10x7

cos@ = _—76
140

0 =122.878 349...

0=122.9°

Always start by labelling the angles
and sides.

Write the cosine rule to find the
angle.

Substitute the values a, b and ¢ into
the formula.

Use cos* to find the angle.

Use your calculator to work out
cos1(~76 + 140).

Round your answer to 1 decimal
place and write the units in your
answer.




The sine rule

A LEVEL LINKS
Scheme of work: 4a. Trigonometric ratios and graphs
Textbook: Pure Year 1, 9.2 The sine rule

Key points A

a is the side opposite angle A.
b is the side opposite angle B.
c is the side opposite angle C.

C - B
You can use the sine rule to find the length of a side when its opposite angle and another
opposite side and angle are given.
a b c
sihnA sinB sinC '
Alternatively, you can use the sine rule to find an unknown angle if the opposite side and
another opposite side and angle are given.

To calculate an unknown side use the formula

sinA_sinB _sinC

To calculate an unknown angle use the formula 5
a Cc

Examples

Example 6 Work out the length of side x.

Give your answer correct to 3 significant figures.

1 Always start by labelling the angles
and sides.

2 Write the sine rule to find the side.

— 3 Substitute the values a, b, A and B

sin36°  sin75° into the formula.
. 10xsin36° .
= sin75° 4 Rearrange to make x the subject.

5 Round your answer to 3 significant
figures and write the units in your
answer.

X =6.09cm




Example 7

Work out the size of angle 6.

Give your answer correct to 1 decimal place.

14cm

sinA
a

8

sin@ =

sing

sin B

b
sin127°

14
8xsinl27°
14

0=21.2°

Always start by labelling the angles
and sides.

Write the sine rule to find the angle.
Substitute the values a, b, A and B
into the formula.

Rearrange to make sin @ the subject.

Use sin* to find the angle. Round
your answer to 1 decimal place and
write the units in your answer.




Areas of triangles

A LEVEL LINKS

Scheme of work: 4a. Trigonometric ratios and graphs
Textbook: Pure Year 1, 9.3 Areas of triangles

Key points

e aisthe side opposite angle A.
b is the side opposite angle B.
c is the side opposite angle C.

e The area of the triangle is %absin C.

Examples

Example 8 Find the area of the triangle.

Scm

5ecm

L)

Ci1

_1 .
Area = EabsmC

_1 ]
Area = E><8><5><S|r182°

Area = 19.805 361...

Area =19.8cm?

Always start by labelling the sides
and angles of the triangle.

State the formula for the area of a
triangle.

Substitute the values of a, b and C
into the formula for the area of a
triangle.

Use a calculator to find the area.

Round your answer to 3 significant
figures and write the units in your
answer.




Rearranging equations

A LEVEL LINKS
Scheme of work: 6a. Definition, differentiating polynomials, second derivatives
Textbook: Pure Year 1, 12.1 Gradients of curves

Key points

e To change the subject of a formula, get the terms containing the subject on one side and
everything else on the other side.
¢ You may need to factorise the terms containing the new subject.

Examples
Example 1 Make t the subject of the formulav = u + at.
v=u+at 1 Get the terms containing t on one
side and everything else on the other
v—u=at side.
t=v-u 2 Divide throughout by a.
a

Example 2 Make t the subject of the formula r = 2t — zz.

r=2t—nxt 1 All the terms containing t are
already on one side and everything
else is on the other side.

r=t(2—-n) 2 Factorise as t is a common factor.
t= Py 3 Divide throughout by 2 — 7.
Example 3 Make t the subject of the formula t+Tr =% .

t+r 3t 1 Remove the fractions first by

5 2 multiplying throughout by 10.
ot + 2r = 15t 2 Get the terms containing t on one

side and everything else on the other
2r =13t side and simplify.
po2r 3 Divide throughout by 13.
13




Example 4 Make t the subject of the formula r = 3: +15 .

3t+5 1 Remove the fraction first by
= t-1 multiplying throughout by t — 1.
rt—1)=3t+5 2 Expand the brackets.
rn-r=3t+5 3 Get the terms containing t on one
e side and everything else on the other
rn—3t=5+r side.
t(r—3)=5+r 4 Factorise the LHS as t is a common
5 factor.
t= °tr 5 Divide throughout by r — 3.
r-3




Volume and surface area of 3D shapes

A LEVEL LINKS
Scheme of work: 6b. Gradients, tangents, normals, maxima and minima

Key points

.Wﬂ]
- 2 -

cross-section

e Volume of a prism = cross-sectional area x length.
e The surface area of a 3D shape is the total area
of all its faces.

e Volume of a pyramid = % x area of base x vertical height.

¢ Volume of a cylinder = zr*h h
e Total surface area of a cylinder = 2zr? + 2zrh

e Volume of a sphere = %mg - ?

e Surface area of a sphere = 4zr?

e Volume of a cone = %mzh

e Total surface area of a cone = zrl + zr?

Examples

Example 1 The triangular prism has volume 504 cm?.
Work out its length.

V= %bhl 1 Write out the formula for the
volume of a triangular prism.
2 Substitute known values into the

— 1
504 = 7% 9x4xl formula.
504 = 18 x | 3 Simplify
| =504 + 18 4 Rearrange to work out I.
=28cm 5 Remember the units.




Example 2  Calculate the volume of the 3D solid.

Give your answer in terms of .
12cm

Total volume = volume of hemisphere 1 The solid is made up of a
hemisphere radius 5 cm and

+ i i i
Volume of cone a cone with radius 5 cm and height

4 1 12-5=7cm.
= % of 37’ + 3 wh
Total volume = % X % X 7 % 53 2 Substitute the measurements into the
formula for the total volume.
1 2
+ 3 XX 5ex 7

zecms3 3 Remember the units.




Area under a graph

A LEVEL LINKS
Scheme of work: 7b. Definite integrals and areas under curves

Key points

e To estimate the area under a curve, draw a chord between
the two points you are finding the area between and straight
lines down to the horizontal axis to create a trapezium.

The area of the trapezium is an approximation for the area
under a curve.

N

)‘}. chord

/

0

>

W

e The area of a trapezium = %h(a+b)

N

Examples

Example 1 Estimate the area of the region between the curve
y=(3—x)(2 + x) and the x-axis fromx=0to x = 3.
Use three strips of width 1 unit.

N
-

X 0 |1 [2 |3 1 Use atable to record the value of y

y=(B-x)2+x) |6 |6 |4 |0 on the curve for each value of x.
Trapezium 1: 2 Work out the dimensions of each
a,=6-0=6,b=6-0=6 trapezium. The distances between

. ) the y-values on the curve and the
Trapezium 2: x-axis give the values for a.
a,=6-0=6,b,=4-0=4
Trapezium 3:
a,=4-0=4,a,=0-0=0
(continued on next page)




Example 2

1 1
Eh(a1+bl)=§x1(6+6)=6

%h(az +b2)=%x1(6+4)=5

%h(a3+b3)=%x1(4+0)=2

Area =6 + 5+ 2 = 13 units?

3 Work out the area of each

trapezium. h = 1 since the width of
each trapezium is 1 unit.

4 Work out the total area. Remember

to give units with your answer.

Estimate the shaded area.
Use three strips of width 2 units.

la

y | 7 [12]13] 4

X 4 6 8 |10

y | 7] 6|5 | 4

Trapezium 1:
a=7-7=0,b=12-6=6
Trapezium 2:
a,=12-6=6, b, =13-5=8
Trapezium 3:
a;,=13-5=8, a3, =4-4=0

1 1
h(a, +b) =2 x2(0+6)=6

%h(a2 +b2)=%><2(6+8):14

%h(a3+b3)=%><2(8+0)=8

Area =6 + 14 + 8 = 28 units?

=

Use a table to record y on the curve
for each value of x.

Use a table to record y on the
straight line for each value of x.

Work out the dimensions of each
trapezium. The distances between
the y-values on the curve and the
y-values on the straight line give the
values for a.

Work out the area of each
trapezium. h = 2 since the width of
each trapezium is 2 units.

Work out the total area. Remember
to give units with your answer.




Section B

Practice and
Extend
Questions



Sketching quadratic graphs
Practice

1  Sketch the graph of y = —x2.

2 Sketch each graph, labelling where the curve crosses the axes.
a y=(x+2)(x—-1) b y=X(x—3) c y=(x+1)(x+5)

3 Sketch each graph, labelling where the curve crosses the axes.
a y=x2—x-6 b y=x>—-5x+4 C y=x>-4
d y=x2+4x e y=9-x? f y=x2+2x-3

4  Sketch the graph of y = 2x? + 5x — 3, labelling where the curve crosses the axes.

Extend

5  Sketch each graph. Label where the curve crosses the axes and write down the coordinates of the
turning point.

a y=x*-5x+6 b y=—x2+7x-12 c y = —x% + 4x

6  Sketch the graph of y = x? + 2x + 1. Label where the curve crosses the axes and write down the
equation of the line of symmetry.



Solving simultaneous equations
graphically
Practice

1  Solve these pairs of simultaneous equations graphically.
a y=3—-landy=x+3
b y=x-5andy=7-5x
c y=3&+4andy=2-x

2 Solve these pairs of simultaneous equations graphically. Hint

a Xx+ty=0andy=2x+6 Rearrange the
b 4x+2y=3andy=3x-1 equation to make
c 2x+y+4=0and2y=3x—-1 y the subject.

3 Solve these pairs of simultaneous equations graphically.
a y=x—-landy=x*—4x+3
b y=1-3xandy=x*-3x-3
c y=3-xandy=x2+2x+5

4 Solve the simultaneous equations x +y = 1 and x> + y? = 25 graphically.

Extend

5 a Solve the simultaneous equations 2x +y =3 and X +y =4
i graphically
ii algebraically to 2 decimal places.
b Which method gives the more accurate solutions? Explain your answer.



Sketching cubic and reciprocal graphs

Practice
1 Here are six equations. )
5 Hint
> = y2 _ — 3 2
AY= X B y=xi+3-10 Cy=xiex Find where each
D y=1-3¢-% E  y=x-3¢-1 F  x+y=5 of the cubic
equations cross
Here are six graphs. the y-axis.
i ii v iii v

y
normal
tangent
tangent / \

Y /\/ f—

e

normal

1Y% vy Vv \y\ Vi
- )
e

a Match each graph to its equation.
b  Copy the graphs ii, iv and vi and draw the tangent and normal each at point P.

Sketch the following graphs

2 y=2x3 5 Vo 2e2)
4 y=(x+1)(x+4)(x-3) 5 y=(x+1)(x-2)(1-x)
o YR Ilery 7 y=(x-1y(x-2)

> 2
8 y= X Hint: Look at the shape of y = % 9 y= -

in the second key point.

Extend

10 Sketch the graph of y = 1 11 Sketch the graph of y = 1
X+2 x-1



Translating graphs
Practice

1 The graph shows the function y = f(x).
Copy the graph and on the same axes sketch and
label the graphs of y = f(x) + 4 and y = f(x + 2).

2  The graph shows the function y = f(x).
Copy the graph and on the same axes sketch and
label the graphs of y = f(x + 3) and y = f(x) — 3.

3 The graph shows the function y = f(x).
Copy the graph and on the same axes sketch the
graph of y = f(x — 5).

Ya

y = f(x)

i

-2\0

3 X

y = fix)




5

The graph shows the function y = f(x) and two
transformations of y = f(x), labelled C: and C..
Write down the equations of the translated curves
C; and Cin function form.

The graph shows the function y = f(x) and two
transformations of y = f(x), labelled C; and C..
Write down the equations of the translated curves
C: and Czin function form.

The graph shows the function y = f(x).

a  Sketch the graph of y = f(x) + 2
b  Sketch the graph of y = f(x + 2)

y

2.
y = f(x) ' .-H .,
~270° —180° —90° O

y.i\.
,“‘&1
CT
oL
2
i
Ha {3 f2/10 P 3 47
I
ANER




Stretching graphs

Practice

7  The graph shows the function y = f(x).

a Copy the graph and on the same axes
sketch and label the graph of y = 3f(x).

b  Make another copy of the graph and on
the same axes sketch and label the graph
of y = f(2x).

8  The graph shows the function y = f(x).
Copy the graph and on the same axes
sketch and label the graphs of
y = -2f(x) and y = f(3x).

9  The graph shows the function y = f(x).
Copy the graph and, on the same axes,
sketch and label the graphs of

y=—f(x)andy=F(%x).

10 The graph shows the function y = f(x).
Copy the graph and, on the same axes,
sketch the graph of y = —(2x).

11 The graph shows the function y = f(x) and a
transformation, labelled C.
Write down the equation of the translated
curve C in function form.

y = fx)

- ]

Y

I —

_‘_'_""‘—‘——-__Q




g4
21y d
12 The graph shows the function y = f(x) and a ' / \’{
transformation labelled C. —1Boe —Ao° S}h" 190° %
Write down the equation of the translated 1
curve C in function form. \ 2 \/

13 The graph shows the function y = f(x). f
a  Sketch the graph of y = —f(x).
b  Sketch the graph of y = 2f(x).

H-""“'ﬁ.,J.h

Extend

14 a Sketch and label the graph of y = f(x), where f(x) = (x — 1)(x + 1).
b On the same axes, sketch and label the graphs of y = f(x) — 2 and y = f(x + 2).

15 a Sketch and label the graph of y = f(x), where f(x) = —(x + 1)(x — 2).
b On the same axes, sketch and label the graph of y = f (-$x).



Straight line graphs

Practice
1  Find the gradient and the y-intercept of the following equations.
a y=3x+5 b y=-%x—7
c 2y=4x-3 d X+y=5 Hint _
Rearrange the equations
e 2x-3y-7=0 f 5x+y—-4=0 to the formy=mx+c¢
2  Copy and complete the table, giving the equation of the line in the form y = mx + c.
Gradient y-intercept | Equation of the line
5 0
-3 2
4 7
3 Find, in the form ax + by + ¢ = 0 where a, b and c are integers, an equation for each of the lines
with the following gradients and y-intercepts.
a gradient —%, y-intercept —7 b gradient 2, y-intercept 0
c gradient % y-intercept 4 d gradient-1.2, y-intercept -2
4 Write an equation for the line which passes though the point (2, 5) and has gradient 4.
5  Write an equation for the line which passes through the point (6, 3) and has gradient ,%
6  Write an equation for the line passing through each of the following pairs of points.
a (4%, (10,17) b (0,6), (4,8)
c (_1: _7): (5> 23) d (3: 10): (45 7)
Extend
7  Theequation of a line is 2y + 3x — 6 = 0.

Write as much information as possible about this line.



Parallel and perpendicular lines
Practice

1  Find the equation of the line parallel to each of the given lines and which passes through each of
the given points.

a y=3x+1 (3,2 b y=3-2x (1,3)
C 2X+4y+3=0 (6,-3) d 2y-3x+2=0 (8,20)

Hint

. . . . _1 .
2  Find the equation of the line perpendiculartoy = 2X- 3 which 1fm = % then the negative

passes through the point (-3, 3). L b
reciprocal - = =-=
m a

3  Find the equation of the line perpendicular to each of the given lines and which passes through
each of the given points.
a y=2x-6 (4,0) b y= —%x+% 2,13)

cC Xx-4y-4=0 (5,15 d 5y+2x-5=0 (6,7)

4 Ineach case find an equation for the line passing through the origin which is also perpendicular
to the line joining the two points given.

a (47 3)7 (_2a _9) b (Oa 3)7 (_107 8)
Extend
5  Work out whether these pairs of lines are parallel, perpendicular or neither.
a y=2x+3 b y =3X c y=4x-3
y=2x-7 2Xx+y-3=0 4y +x=2
d 3x-y+5=0 e 2x+5y—-1=0 f 2X—-y=6
x+3y=1 y=2x+7 6x-3y+3=0

6  The straight line L, passes through the points A and B with coordinates (-4, 4) and (2, 1),
respectively.

a Find the equation of L, in the formax+ by +c=0

The line L is parallel to the line L1 and passes through the point C with coordinates (-8, 3).
b  Find the equation of L in the formax + by + c=0

The line Ls is perpendicular to the line L; and passes through the origin.
¢ Find an equation of L3



Pythagoras’ theorem

Practice

1 Work out the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.

a b
a -
A 3 Scm

9cm

Scm
C |
35 mm 4em
1c¢
d

47 mm

N
[p]
[=1
=

2 Work out the length of the unknown side in each triangle.
Give your answers in surd form.
a e b
4em

4cm 8 cm

10 cm

64 mm
86 mm

Ug




3 Work out the length of the unknown side in each triangle.
Give your answers in surd form.
b 24 mm
X

a w
54 mn? 36
\J mm %
C d
84 mnij | 30 DN
] !
;‘ ! )

4 Arrectangle has length 84 mm and width 45 mm. Hint

Calculate the length of the diagonal of the rectangle.

Give your answer correct to 3 significant figures. Draw a sketch of the rectangle.
Extend
5 Avyachtis 40 km due North of a lighthouse. Hint

A rescue boat is 50 km due East of the same lighthouse.
Work out the distance between the yacht and the rescue boat.
Give your answer correct to 3 significant figures.

Draw a diagram using
the information given
in the question.

6 Points A and B are shown on the diagram.
Work out the length of the line AB.
Give your answer in surd form.

}.
F 3

x B(4.7)

x A(1,1)

7 Acube has length 4 cm. I

Work out the length of the diagonal AG. <1
Give your answer in surd form. T RN
F)_ —_—]= G
7’
rd
E 4em H




Proportion
Practice

1  Paul gets paid an hourly rate. The amount of pay (£P) is directly
proportional to the number of hours (h) he works.
When he works 8 hours he is paid £56.
If Paul works for 11 hours, how much is he paid?

2  Xxisdirectly proportional to y.
x=35wheny=5,

a  Find a formula for x in terms of y.
Sketch the graph of the formula.
Find x wheny = 13.

Find y when x = 63.

o O T

3 Qs directly proportional to the square of Z.
Q=48whenzZ=4.

a Find a formula for Q in terms of Z.
Sketch the graph of the formula.
Find Q when Z = 5.

Find Z when Q = 300.

o O T

4 yisdirectly proportional to the square of x.
X =2 wheny=10.
a Find a formula for y in terms of x.
b  Sketch the graph of the formula.
¢ Find x wheny = 90.

5 Bisdirectly proportional to the square root of C.
C =25 when B = 10.

a Find Bwhen C = 64.
b  Find C when B = 20.

6  Cisdirectly proportional to D.
C =100 when D = 150.
Find C when D = 450.

7  yisdirectly proportional to x.
X=27wheny=29.
Find x wheny = 3.7.

8 mis proportional to the cube of n.
m =54 when n = 3.
Find n when m = 250.

Hint

Substitute the values
given for P and h
into the formula to
calculate k.




Extend

10

11

12

13

14

15

16

s is inversely proportional to t.

a Giventhats=2whent =2, find a formula for s in terms of t.
b  Sketch the graph of the formula.

¢ Findtwhens=1.

a is inversely proportional to b.
a=5whenb = 20.

a Find awhenb=50.
b  Find b when a =10.

v is inversely proportional to w.
w =4 when v = 20.

a Find a formula for v in terms of w.
b  Sketch the graph of the formula.
¢ Findwwhenv=2.

L is inversely proportional to W.
L =12when W = 3.
Find W when L = 6.

s is inversely proportional to t.
s=6whent=12,

a Findswhent=3.
b  Find twhens=18.

y is inversely proportional to x?.
y =4 whenx=2.
Find y when x = 4.

y is inversely proportional to the square root of x.
x=25wheny=1.
Find x wheny = 5.

a is inversely proportional to b.
a=0.05whenb =4.

a Findawhenb=2.
b Find bwhena=2.



Circle theorems
Practice

1 Work out the size of each angle marked with a letter.
Give reasons for your answers.

2 Work out the size of each angle marked with a letter.
Give reasons for your answers.

a (v



3

c
d

0

>

;

Hint

The reflex angle at point O and
angle g are subtended by the
same arc. So the reflex angle is
twice the size of angle g.

Hint

Angle 18° and angle h are
subtended by the same arc.

Work out the size of each angle marked with a letter.

Give reasons for your answers.

=/ < {
W) (%

Hint

One of the angles is
in a semicircle.

&




4

Work out the size of each angle marked with a letter.

Give reasons for your answers.

Extend

5

Prove the alternate segment theorem.

Hint

An exterior angle of a
cyclic quadrilateral is
equal to the opposite
interior angle.

,

9

80°

Hint

One of the angles
is in a semicircle.




Trigonometry in right-angled triangles
Practice

1  Calculate the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.

a b

30°
7 cm

8 cm




Calculate the size of angle x in each triangle.
Give your answers correct to 1 decimal place.
a b 6.3 cm

S5cm
7.5cm
=
2 ﬁV

4cm

Work out the height of the isosceles triangle.
Give your answer correct to 3 significant figures.

Hint:

Split the triangle into two
right-angled triangles.

8 cm

Calculate the size of angle 6.
Give your answer correct to 1 decimal place.

Hint:

First work out the length of the 5cm
common side to both triangles, K

leaving your answer in surd form.

Tecm

Find the exact value of x in each triangle.

vV3cm




The cosine rule

Practice

6

Work out the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.

a b

14 cm

w 10 cm

7 cm a

152

5cm



7  Calculate the angles labelled 4 in each triangle.
Give your answer correct to 1 decimal place.

a 9cm b
a 33mm
J cm 38 mim
12cm
36 mm

7.2cm
c
8 cm 7.5¢cm
7.6cm
13cm

11.3 cm

8 a Workout the length of WY.

X
Give your answer correct to 14 cm
3 significant figures. W
5cm
b  Work out the size of angle WXY.
Give your answer correct to g5 Y
N o cm
1 decimal place.

@ 10 cm

z



The sine rule
Practice

9  Find the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.

2 cm

@ 10em
& 1050

74 mm 48°

5o 110

6.2 cm



10 Calculate the angles labelled 6 in each triangle.
Give your answer correct to 1 decimal place.

B5°
cm

10 cm

9.6 Scm

11 a Workout the length of QS.
Give your answer correct to 3 significant figures.

b  Work out the size of angle RQS.
Give your answer correct to 1 decimal place.




Areas of triangles
Practice

12 Work out the area of each triangle.
Give your answers correct to 3 significant figures.

a b

38 mm

585

5.5cm
7.5ecm
43 mm

Z
13 The area of triangle XYZ is 13.3 cm?,
Work out the length of XZ.
Hint: .
x L64 Y

Rearrange the formula to make a side the subject. S.8cm
Extend
Hint:
14 Find the size of each lettered angle or side. )
Give your answers correct to 3 significant figures. For each one, decide whether
to use the cosine or sine rule.
a

9cm

b
Sc

1m
3 cm




15 The area of triangle ABC is 86.7 cm?,
Work out the length of BC.
Give your answer correct to 3 significant figures.

16.5cm C



Rearranging equations

Practice

Change the subject of each formula to the letter given in the brackets.

1 C=nd [d] 2 P=2+2w [W] 3 D=% 7]
4 p=$ 1] 5 u=at—%t [t] 6 V=ax+4x [x]
y—-7x 7-2y 2a-1 b-c
7 2_2_° =) 8 = a 9 x=—— [d
D =2 o] = 1d)
79-9 B 2x+3
10 h= [a] 11 e(9+x)=2e+1 [e] 12 = [x]
2+g 4-x

13 Make r the subject of the following formulae.

a A=anar b V=£7Z'r3 c P=qr+2r d V==rrh

14 Make x the subject of the following formulae.

Xy _ab o Amex_ 3
z cd d py?
: : a b
15 Make sin B the subject of the formula — =—
sinA sinB

16 Make cos B the subject of the formula b? = a? + ¢2 — 2ac cos B.

Extend

17 Make x the subject of the following equations.

a E(sx+t)=x—1 b E(ax+2y)=3—g(x—y)
q q q



Volume and surface area of 3D shapes
Practice

1 Work out the volume of each solid.
Leave your answers in terms of 7 where appropriate.

a b
25cm
60 cm
5.5cm 40cm
8cm 30 cm
9cm Im
c d Scm
10 cm
7 em 8 cm
] 5cm
13cm
e ﬂ f asphere with radius 7 cm
7cm
g asphere with diameter 9 cm h a hemisphere with radius 3 cm
B | !
9cm 8 cm
y 7ecm AWV
y \_/j

2 A cuboid has width 9.5 cm, height 8 cm and volume 1292 cm?.
Work out its length.

3 The triangular prism has volume 1768 cm?.
Work out its height.




Extend

4 The diagram shows a solid triangular prism.
All the measurements are in centimetres.
The volume of the prism is V cm?®,
Find a formula for V in terms of x.
Give your answer in simplified form.

5  The diagram shows the area of each of three
faces of a cuboid.

The length of each edge of the cuboid is a whole
number of centimetres.

Work out the volume of the cuboid.

x+38
2x+1
30 cm?
10 em?
12 cm?




The diagram shows a large catering size tin of beans
in the shape of a cylinder.

The tin has a radius of 8 cm and a height of 15 cm.
A company wants to make a new size of tin.

The new tin will have a radius of 6.7 cm.

It will have the same volume as the large tin.
Calculate the height of the new tin.

Give your answer correct to one decimal place.

The diagram shows a sphere and a solid cylinder.
The sphere has radius 8 cm.

The solid cylinder has a base radius of 4 cm and
a height of hcm.

The total surface area of the cylinder is half the
total surface area of the sphere.

Work out the ratio of the volume of the sphere to
the volume of the cylinder.

Give your answer in its simplest form.

The diagram shows a solid metal cylinder.
The cylinder has base radius 4x and height 3x.

The cylinder is melted down and made into
a sphere of radius r.

Find an expression for r in terms of x.

8cm

15cm

CE

=



Area under a graph

Practice :
Hint:
1  Estimate the area of the region between the curve y = (5 —x)(x + 2) and | Fora full answer,
the x-axis fromx=1tox =5. remember to
Use four strips of width 1 unit. include ‘units?’,
y
2  Estimate the shaded area shown
on the axes.
Use six strips of width 1 unit.
35
30
25
201/
15
10
5
0

o 1 2 3 4 5 6 7 8 9 10

3 Estimate the area of the region between the curve y = x? — 8x + 18 and the x-axis
fromx=2tox=6.
Use four strips of width 1 unit.

4  Estimate the shaded area.

Use six strips of width % unit.




Estimate the area of the region between the curve y = —x2 — 4x + 5 and the
x-axis fromx=-5tox =1.
Use six strips of width 1 unit.

Estimate the shaded area.

Use four strips of equal width.

Estimate the area of the region between the curve y = —x2 + 2x + 15 and the
x-axis from x =2tox =5.
Use six strips of equal width.

-
>

Estimate the shaded area.

Use seven strips of equal width.

|
%]

|
=

(v, 3
t

_""-eu_.__:-l M W s Ul h Jd @ W D o= kW U
""‘---...__‘___‘
—
et
P s




Extend

9 Thecurvey=8x—-5—x?andthe liney=2
are shown in the sketch. y=8x-5-x?
Estimate the shaded area using six strips
of equal width.

10 Estimate the shaded area using five 10

strips of equal width.

w

®
-
L

| "

o

W
[
—
—
—

w
_——-'--
--‘"h-._

N




Section C
Answers



Sketching quadratic graphs

Answers
1
Ui
/TN
2 a b C
¥ ¥y y
2 (@] 1 = VA I
\ S T
3 a b c
y ¥
\ }
\ o
o1 7 "
\/ 3
d e f




5 a
U4
6
0 2 3 'x
@1 —+
6
Ua

/

-1 0

:"{“

Line of symmetry at x = —1.

H‘

LI

b (2, 4)

=Y



Solving simultaneous equations
graphically
Answers

1 a x=2,y=5
b x=2,y=-3
c x=-05y=25

2 a x=-2,y=2
b x=05y=05
x=-1y=-2

3 a x=ly=0andx=4,y=3
b x=-2,y=7andx=2,y=-5
x=-2,y=5andx=-1,y=4

4 x=-3,y=4andx=4,y=-3

5 a 1 x=25y=-2andx=-05y=4
ii x=241,y=-183andx=-0.41,y=23.83

b  Solving algebraically gives the more accurate solutions as the solutions from the graph are
only estimates, based on the accuracy of your graph.



Sketching cubic and reciprocal graphs

Answers
1 a i-C
i—E
iii—B
iv—A
v—-F
vi—-D
b i iv y

YA YA
/ /normal
o o 20| P,
0 x N7
tangent = -
(0] X
P tangent
normal

Vi YA

\ Ay -
) =
tangent_ " P

normal

M~
"~




Sy

yA

Ui

11

10

"




Translating & Stretching graphs

Answers

% =f(x)

=Y

-4 /
(-2,-2)2
3
y4
y = f(» /
y="Tfx-5)
PN 0 N7 et
4  Cypy=f(x-90°)
Cry=f(x)-2
5 Cuy=f(x-5)
Cry=f(x)-3
6 a
oA
: y=flx) +2
[ AN
24100 1\ A 3
y = 1o

y =)

2

y

770
y="flx+3)

L'y
=T+ 1,
a3 /N0 I\ 2 X
ARENEAE

- ()



10

11

12

13

a
7
AN
ANy )
4
\[/
Ty
\ y =)
\l/
E
y = —2f(x)
\
o
\ Pl / y= f{_
» y= F[:cll’JI
y =1(2x)

y = —2f(2x) or y = 2f(-2x)

a

= +fix]

o4

=1

5y

(x)

2x)

-—._.-___:-_____‘ |

oL
y = T(Zx)
2 y = flx)
B ) X
L'E
\ [y= 1)
/
Y= 130
b E
\v F —fe
[ \
1]
y = 2f(x) ] f
[ =fe
i
0 =




14

15

y="flx+2) y = flx)

RN
/ ,
Mg | 2 110 ? 4
7 /_“ NGRS
/ [1T° \




Straight line graphs

Answers
1 a m=3,c=5 b m=-%,c=—7
c m:2,c=-g d m=-1c¢=5
e m=3,c=_10r—2l f m=-5-c=4
3 3 3
2
Gradient y-intercept | Equation of the line
5 0 y = 5X
-3 2 y=-3x+2
4 -7 y=4x -7
3 a x+2y+14=0 b 2x-y=0

c 2x-3y+12=0 d 6x+5y+10=0

4 y=4x-3
5 y= _2x+7
3
6 a y=2x-3 b y=—%x+6
c y=5x-2 d y=-3x+19

3 .3 . .
7 y= _EX + 3, the gradient is 3 and the y-intercept is 3.
The line intercepts the axes at (0, 3) and (2, 0).
Students may sketch the line or give coordinates that lie on the line such as (1, g) or (4, —3).



Parallel and perpendicular lines

ANswers

1 a y=3x-7
1

C y=-—3X
2 y=-2x-7

3 a = Iyx+2
2

c y=-4x+35

4 a yz—%x

5 a Parallel
d Perpendicular

6 a x+2y—-4=0

y=-2x+5

_3
y—5x+8

Neither
Neither

X+2y+2=0

c
f

Perpendicular
Parallel

y =2X



Pythagoras’ theorem

ANswers
1 a 10.3cm

¢ 58.6 mm

2 a 4J3cm

¢ 8/17 mm

3 a 1813 mm

¢ 422 mm
4 953 mm
5 64.0km
6 35 units

7 4J§cm

7.07 cm

8.94 cm

221 cm

185 mm

2\/145 mm
6+/89 mm



Proportion

ANswers

1 E£77

2 a x=1y
c 91

3 a Q=32
C 75

4 a y=25x

c 6

5 a 16

6 300

7 111

8 5

9 a s= ﬂ

t

c 4

10 a 2

Ua

0 X
9
Q
Q= 322
0 Z
+10
y
K jy = 2.5x2
0‘ x
100

/x=7yory=}x



11

12

13

14

15

16

24

0.1

0.1




Circle theorems
ANswers

1 a a=112° angle OAP =angle OBP = 90° and angles in a quadrilateral total 360°.
b = 66°, triangle OAB is isosceles, Angle OAP =90° as AP is tangent to the circle.

c €=126° triangle OAB is isosceles.
d =63°, Angle OBP =90° as BP is tangent to the circle.

d e =44° the triangle is isosceles, so angles e and angle OBA are equal. The angle OBP = 90°
as BP is tangent to the circle.
f=92°, the triangle is isosceles.

e g =62° triangle ABP is isosceles as AP and BP are both tangents to the circle.
h = 28°, the angle OBP = 90°.

2 a a=130° anglesina full turn total 360°.
b = 65°, the angle at the centre of a circle is twice the angle at the circumference.
¢ = 115°, opposite angles in a cyclic quadrilateral total 180°.

b d=236° isosceles triangle.
e =108°, angles in a triangle total 180°.
f=54° angle in a semicircle is 90°.

c g=127° angles at a full turn total 360°, the angle at the centre of a circle is twice the angle
at the circumference.

d h=36° the angle at the centre of a circle is twice the angle at the circumference.

3 a a=25° angles in the same segment are equal.
b = 45°, angles in the same segment are equal.

b ¢ =44° angles in the same segment are equal.
d = 46°, the angle in a semicircle is 90° and the angles in a triangle total 180°.

c e =48° the angle at the centre of a circle is twice the angle at the circumference.
f=48°, angles in the same segment are equal.

d g =100° angles at a full turn total 360°, the angle at the centre of a circle is twice the angle
at the circumference.
h =100°, angles in the same segment are equal.

4 a a=75° opposite angles in a cyclic quadrilateral total 180°.
b = 105°, angles on a straight line total 180°.
€ = 94°, opposite angles in a cyclic quadrilateral total 180°.

b d=92° opposite angles in a cyclic quadrilateral total 180°.
e = 88°, angles on a straight line total 180°.
f=92° angles in the same segment are equal.

h = 80°, alternate segment theorem.

d g =35° alternate segment theorem and the angle in a semicircle is 90°.



5 Angle BAT = x.

Angle OAB = 90° — x because the angle between
the tangent and the radius is 90°.

OA = OB because radii are equal.

Angle OAB = angle OBA because the base of
isosceles triangles are equal.

Angle AOB = 180° — (90° — x) — (90° — X) = 2x
because angles in a triangle total 180°.

Angle ACB = 2x + 2 = x because the angle at the
centre is twice the angle at the circumference.




Trigonometry in right-angled triangles -
The cosine rule, The sine rule & Areas

of triangles
Answers
1 a 6.49cm b 6.93cm C 2.80cm
d 743 mm e 7.39cm f 6.07 cm
2 a 369° b 57.1° c 47.0° d 387°
3 571cm
4 20.4°
5 a 45° b lcm C 30° d \/§ cm
6 a 6.46cm b 9.26 cm C 70.8 mm d 9.70cm
7 a 222° b 52.9° c 122.9° d 936°
8 a 13.7cm b 76.0°
9 a 433cm b 15.0 cm C 45.2 mm d 6.39cm
10 a 428° b 52.8° c 53.6° d 28.2°
11 a 8.13cm b 32.3°
12 a 18.1cm? b 18.7 cm? c 693 mm?
13 5.10cm
14 a 6.29cm b 84.3° C 5.73 cm d 58.8°

15 15.3cm



Rearranging equations

Answers
1 d=9- 2
T
4 =971 5
p
7 y=2+3x 8
10 =2h+9 11
7-h
13 a r= é b
T
P
c r=—— d
T+2
14 a x-202 b
cdy
15 sinB=bSInA
a
2 2 2
16 CosB:u
2ac
17 a x=Jd7P b

W:P;zl 3 Tzi
2 D
i 6 we Y
2a-1 a+4
=3x+1 9 d:b—c
X+2 X
e:i 12 X=M
X+7 2+y
3V
r=3—
T
3V
r=,—
27h
_ 3dz
4rcpy?

X = 3py +2pay _ y(3+2q)
3p—apq 3—-aq




Volume and surface area of 3D shapes

ANswers

1 a V=39%cm? b V=75000cm?
c V=4025cm? d V=200zcm?
e V=1008zcm? f v= %n cm®
g V=1215zcm? h V=18zcm?
i V=48rcm® j V= 93—87rcm3

2 17cm

3 17cm

4 V=x3+ %x2+4x

5 60cm?d
6 2l1l4cm
7 32:9

r = 3/36x

oo



Area under a graph

Answers
1 34 units?
2 149 units?
3 14 units?

4 25% units?
5 35 units?
6 42 units?

7 nite2
7 26g units
8 56 units?
9 35 units?

10 6% units?
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